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Abstract
Construction of (colored) knot polynomials for double-fat graphs is further generalized to the case when 
“fingers” and “propagators” are substituting R-matrices in arbitrary closed braids with m-strands. Original 
version of [25] corresponds to the case m = 2, and our generalization sheds additional light on the structure 
of those mysterious formulas. Explicit expressions are now combined from Racah matrices of the type R ⊗
R⊗ R¯ −→ R¯ and mixing matrices in the sectors R⊗3 −→ Q. Further extension is provided by composition 
rules, allowing to glue two blocks, connected by an m-strand braid (they generalize the product formula for 
ordinary composite knots with m = 1).
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
Reshetikhin–Turaev (RT) formalism [1] remains the most effective approach for actual eval-
uation of colored HOMFLY polynomials [2]
HLR =
〈
TrR Pexp
⎛
⎝∮
L
A
⎞
⎠
〉CS
(1)
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for recent comments. A partly alternative approach is implied by Khovanov calculus [8–13], see 
[14], but it is also related to the RT approach via Kauffman’s R-matrix [15].
Ideally, the RT formalism allows one to cut the link diagram (an oriented graph with black and 
white vertices of valences (2, 2)) into arbitrary fragments, and then contract tensors associated 
with these fragments, to obtain HR . The smallest possible fragments are vertices, represented by 
quantum R-matrices and contractions involve additional insertions of weight matrices, one per 
each Seifert cycle (alternatively one can make contractions dependent on a choice of direction 
in the plane). In this (original) form the formalism depends on particular representations of the 
gauge group and even the number of tensor indices depend on representation.
Representation theory allows one to switch to a dual Tanaka–Krein description, where in-
dices label representations themselves (Young diagrams in the case of SUq(N)) in the space of 
intertwining operators rather than vectors in representation spaces. It is this formulation, which 
provides conceptually and practically important expressions for link polynomials.
This approach is absolutely universal, but to make it calculationally effective one still needs 
to deal with specially selected fragments of link diagrams. So far two standard classes were 
thoroughly analyzed. Both are made from braids.
One class is that of closed m-strand braids of [16–18], where one distinguishes between m −1
types of R-matrices, acting on pairs of adjacent braids and related by mixing matrices,
Rj = UjRU−1j , j = 1, . . . ,m − 1 (2)
Each link diagram is Reidemeister-equivalent to such closed braid, which substitutes L by a 
sequence of integers (a11, . . . , a1,m−1, a21, . . . , an,m−1) (this map is highly ambiguous), and
HLR =
∑
Q∈R⊗m
dQTrμQ
⎛
⎝ n∏
i=1
m−1∏
j=1
Raijj
⎞
⎠ (3)
where R⊗m = ∑Q WQ ⊗ Q is decomposed into a sum of the Young diagrams Q of size |Q| = m|R|. The coefficients dQ are the corresponding quantum dimensions of the SUq(N) rep-
resentations and vector spaces WQ of intertwining operators have dimensions μQ (which depend 
also on R and m). The properly defined quantum R-matrix acting on the product R1 ⊗ R2 acts 
diagonally in irreducible components Q of its decomposition with the eigenvalues qQ , where 
Q is the eigenvalue of the Casimir operator. Thus Rj and Uj can be considered as matrices 
acting on the spaces WQ and this is what we call their Tanaka–Krein realization. This story is 
well familiar from the Rosso–Jones formula [19] for the torus knots/links and is related to the 
theory of cut-and-join operators [20]. For links up to #link comps different representations appear 
in this formula. Also, if some strands in the braid go in the opposite direction, they carry the con-
jugate representation R¯ and the mixing matrices Ui change appropriately. Mixing matrices are 
contractions of the Racah matrices (6j -symbols) [21] and are rather difficult to calculate. This, 
together with insufficient computer power, is the main obstacle against using (3) for practical cal-
culations of colored HOMFLY polynomials for complicated knots (at present already R = [21]
at m = 4 strands and R = [31] at m = 3, i.e. 12 strands in the cabling method of [18,22], are 
nearly unaffordable, straightforwardly available are R = [21] at m = 3 [23,24]).
Another class is formed by the 2-bridge knots. These are made from 4-strand braids with two 
strands pointing in one and two in the other directions. These are not the closed braids and they 
are distinguished by a relation to 4-point conformal blocks, where the Racah and R-matrices, or 
S and T accordingly play the role of modular transformations. This interpretation [3,4] allows 
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polynomials for the 2-bridge knots are provided by “vacuum averages”. The restriction to the 
two-bridge knots involves only the Racah matrices
(4)
with all the four R1, R2, R3, R4 equal to either R or R¯, which we call simply S or S¯ depending 
on the direction of arrows.
Connecting the external double lines of the 2-bridge building blocks
one can make entire networks. If one considers no more than 2-“particle” irreducible graphs (the 
term “particle” appeals to the line in the fat graph), the HOMFLY polynomial of the correspond-
ing link diagrams are obtained just by summing over the indices. Let us re-draw the graphs with 
straight lines denoting double-fat fingers and propagators BYX (i.e. 2-bridge building blocks, or 
4 strand braids), and circles consisting of two-strand braids (i.e. “particles”) connecting BYX. 
Then, the typical diagrams are
forbidden: allowed:
(5)
The shown allowed configuration provides
H =
∑
X,Y,Z
dXdY dZ · TrμY TrμZ
⎧⎨
⎩TrμX
⎛
⎝ k∏
α=1
B
(α)
0X · B(k+1)YX ·
l∏
β=k+2
B
(β)
0X · B(l+1)ZX
⎞
⎠
⎫⎬
⎭ ·
·
⎛
⎝ m∏ B(γ )0Y
⎞
⎠ ·
(
n∏
B
(δ)
0Z
)
(6)γ=1 δ=1
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27] and in the recent [25] they were successfully applied to evaluation of [21]-colored HOMFLY 
of most of knots from the Rolfsen table [28] and of numerous mutants, see also [29].
Whenever a knot possesses the both representations, as a closed braid with m ≤ 3 and as a 
double-fat tree, the corresponding HOMFLY polynomials coincide.
The purpose of the present note is to marry up the two above classes. Namely, we consider a 
closed m-strand braid, cut a pair of adjacent strands at any place and insert a 2-bridge finger B . 
If it was just a crossing, one would insert Rj = UjRU−1j . In the case of finger B , one inserts 
UjBU−1j .
Moreover, the finger can actually be open on the other side, which can be inserted into another 
closed braid. In this way we obtain a double-fat tree, made from propagators B, which are now 
connected by multi-strand braids. In other words, straight lines in allowed configuration above 
are still the double-fat propagators and fingers, but circles can be braids with arbitrary number 
of strands, moreover, this number can be different for different circles. This provides an amusing 
set of link diagrams.
Also, if the closed braids are all 4-strand, like the interiors of B , one gets a kind of descrip-
tion of generic double-fat graphs, not obligatory trees. This would complete formulation of a 
peculiar new topological theory, describing this class of link diagrams, for which only the tree 
approximation was introduced and studied in [25]. This theory does not look at all like original 
Chern–Simons theory (CST) which is itself topological. Thus, one can even expect some type of 
a duality between CST and this new theory.
2. Explicit formulas
2.1. The case of m = 2
This is the setting, already considered in [26,27] and [25]. In the simplest case when there is 
just one closed m = 2-strand braid, with g + 1 pretzel fingers attached to it,
· · ·
B(p)=P (np)−−−−−−−→
we get the formulas from [27] for the reduced HOMFLY of the pretzel knot:
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Pr(n0,...,ng)
R =
1
dR
∑
X
dX
g∏
i=0
(S¯†T¯ ni S)0X
S0X
(7)
This formula is for the case of odd antiparallel fingers, when both strands in the double lines are 
co-directed,
=
and n is odd (otherwise this configuration is topologically impossible). Note that X ∈ R ⊗ R in 
(7) and
dX = d2R · S20X (8)
2.2. The case of m = 3
Quite similarly, for m = 3 the pattern is
Pretzel fingers. For the pretzel fingers B(p) = P (np) this figure is equivalent to a knot lying on 
the surface of genus g + g′:
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sion:
d[1]H[1] = d[3] ·
g∏
i=0
P
(ni)
[2]
g′∏
j=0
P
(n′j )
[2] + d[111] ·
g∏
i=0
P
(ni)
[11]
g′∏
j=0
P
(n′j )
[11] +
+ d[21] · Tr
(
(n0) (n
′
0) (n1)(n2)(n3) (n
′
1) (n4) . . . (ng) 
(n′
g′ )
)
(9)
where
P
(n)
X =
(S¯T¯ nS)0X
S0X
(10)
and the second line contains μ[21] × μ[21] = 2 × 2 matrices
(n) =
(
P
(n)
[2] 0
0 P (n)[11]
)
and  = U2 =
⎛
⎝ 1[2]
√[3]
[2]√[3]
[2] − 1[2]
⎞
⎠ (11)
This formula is for the case of odd antiparallel fingers, when all the three horizontal strands are 
co-directed, and the mixing matrix U2 does not depend on N .
3. Examples. Three strands, m = 3
3.1. Pretzel fingers
Consider as a simple example the genus-five configuration
Hn0,n1,n2,n3,n4,n5 = “tr”Pn0Pn1Pn2UPn3UPn4UPn5U (12)
made from six odd antiparallel pretzel fingers attached to a 3-strand braid in the following se-
quence: three consequent fingers to the first two stands, the forth one to the second two, the fifth 
one to the first two and the sixth one to the second two:
Already this family contains all but one knots with up to seven intersections (only one example 
per knot is given):
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31 1,1,1,1,1,−1
41 −3,1,1,−1,5,1
51 1,1,1,1,1,1
52 1,1,1,1,−1,1
61 1,3,−3,−1,3,1
62 1,1,1,−1,1,−1
63 1,1,1,−1,−3,−1
72 1,3,−1,1,3,1
73 3,1,1,1,1,1
74 1,3,3,−1,−3,1
75 1,1,1,1,3,1
76 1,1,1,1,−3,1
77 −1,3,3,−3,−1,1 (13)
knot n0, n1, n2, n3, n4, n5
81 −1,3,−1,−1,1,−3
83 −5,1,3,−1,3,1
84 −1,−1,−1,3,−1,1
86 −1,−1,−1,5,−3,−3
811 −1,3,−1,−1,−1,−3
812 −1,3,−1,−1,3,−1
813 −3,−1,−1,5,3,−3
814 −1,3,−1,1,−3,−3
92 1,3,−1,5,−1,3
94 5,1,1,1,1,1
95 −3,−1,1,−1,−3,−3
97 1,1,1,1,5,1
98 −1,−1,−1,1,5,−3
910 −3,−3,−1,−3,−1,1
912 −1,−1,5,5,3,−3
913 1,1,1,1,3,3
914 −1,3,−1,3,−1,1
915 −1,3,−1,5,5,−3
918 1,3,1,1,3,1
919 −1,3,−1,3,−3,−1
921 1,3,1,1,−3,1
935 −3,−1,−3,−1,1,−1
937 −1,3,−3,1,−1,1
946 −3,−1,3,−1,1,−1
948 −1,3,3,−3,−1,5 (14)
3.2. Non-pretzel finger
One can further substitute pretzel fingers in (12) by non-pretzel ones. The simplest non-pretzel 
finger is the parallel–antiparallel braid of [30],
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nS)0X
S0X
from (10) with odd n is changed for
either K(m,n)X =
(ST 2mS†T¯ nS)0X
S0X
or K¯
(m,n)
X =
(S¯T¯ 2mS¯T¯ nS)0X
S0X
(15)
with m 	= 0 and n either even or odd respectively.
For an example involving these fingers see Appendix A at the end of this paper. Note that at the 
level of symmetric HOMFLY polynomials one can safely permute horizontal and vertical braids 
in the above picture: this is a mutation transform affecting only H[21] and other non-trivially 
colored polynomials.
4. Generalized composites
The set of knots, which can be handled by the above method, is further enlarged by inclusion 
of generalized composites.
4.1. Ordinary composite knots
The ordinary composite knot looks like
and the main fact is that the reduced HOMFLY for it is a product:
H
comp
R = H(1)R H(2)R (16)
This equality comes from the simple fact: the “open” graph is a unit matrix in representation R
times a factor B , and the unreduced HOMFLY polynomial is its graded trace dRHR = B · trRI =
dRB . Matrix for a composite is a product of matrices, thus B = B(1)B(2) and (16) is a corollary.
4.2. 2-composites
Similarly, for the graph
with two strands between the blobs, the same factorization holds, B = B(1)B(2), but now B is a 
diagonal matrix, with entries BQ, Q ∈ R ⊗ R and
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2-comp
R =
∑
Q∈R⊗R
dQBQ =
∑
Q∈R⊗R
dQB
(1)
Q B
(2)
Q (17)
The HOMFLY constituents
dRH
(i)
R =
∑
Q∈R⊗R
dQB
(i)
Q (18)
define only particular linear combinations of B(i)Q , but one can insert additional R-matrices 
(a two-strand braid of length ki) to extract an additional information. For example, in the case 
of the fundamental representation R = [1], there are just two Q = [2], [11] and just two values 
choices ki = 0, 1 are sufficient to extract B(i)[2] and B(i)[11]:
d[2]B(i)[2] + d[11]B(i)[11] = d[1]H(i)[1] ,
d[2]λ[2]B(i)[2] + d[11]λ[11]B(i)[11] = d[1]H 1,(i)[1] (19)
where λQ are eigenvalues of the R-matrix and H 1,(i) is the HOMFLY polynomial of the closure 
of the blob B(i) with one additional intersection: ki = 1. Substituting d[1] = {A}{q} , d[2] = {A}{Aq}{q}{q2} , 
and d[11] = {A}{A/q}{q}{q2} (we use the notation {x} ≡ x − 1/x) and λ[2] = qA , λ[11] = − 1qA , one gets 
for the reduced HOMFLY polynomial
H
2-comp
[1] =
d[2]B(1)[2] B
(2)
[2] + d[11]B(1)[11]B(2)[11]
d[1]
=
(
A(q2 − 1 + q−2) − A−1
)
{q}
{Aq}{A/q} · H
(1)
[1] H
(2)
[1] +
+ A
2{A}{q}
{Aq}{A/q} · H
1,(1)
[1] H
1,(2)
[1] −
A2{q}2
{Aq}{A/q}
(
H
(1)
[1] H
1,(2)
[1] + H 1,(1)[1] H(2)[1]
)
(20)
For R 	= [1] the final formula involves more braids with different lengths ki .
4.3. m-composites
Similarly one can handle a composition Hm-compR of two blobs connected by arbitrary number 
m of strands. For additional m-strand braids one can (but is not obliged to) take just torus ones 
of lengths ki .
4.4. Examples of (20)
First, consider the case when both B(i) are composites themselves:
or
In this case dRH(i)R = d2RB(i)R and dRH 1,(i)R = dRB(i)R , and substituting this into (20) one gets 
H
2-comp
[1] = d[1]B(1)B(2) = d−1[1] H(1)[1] H(2)[2] , what is the right answer (note that the HOMFLY poly-
nomials in this case are associated with links and all are defined to contain an extra unknot 
factor d[1]).
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=
An example of this type is provided by the mutant 11a19 given by the following closed braid:
which can be redrawn as
Thus, this braid can be presented with the two constituent sub-braids (with the topmost strand 
closed): braid(1)
braid(2)
Then, these constituents are equal to
B
(1)
[2] =
2A2q6 − q8 − 2A2q4 + 2q6 + 2A2q2 − 2q4 − A2 + q2
q5A3
B
(1)
[11] =
A2q8 − 2A2q6 + 2A2q4 − q6 − 2A2q2 + 2q4 − 2q2 + 1
A3q3
B
(2)
[2] =
2A2q4 − q6 − A2q2 + q4 + A2 − q2
A2q4
B
(2)
[11] =
A2q6 − A2q4 + 2A2q2 − q4 + q2 − 1
q2A2
(21)
and eq. (20) gives
H 11a19[1] =
1
A6q8
(
A6q14 − A4q16 − 3A6q12 + 3A4q14 + 7A6q10 − 9A4q12 +
+ 2A2q14 − 7A6q8 + 13A4q10 − 5A2q12 + 7A6q6 − 17A4q8 +
+ 11A2q10 − q12 − 3A6q4 + 13A4q6 − 12A2q8 + 2q10 + A6q2 − 9A4q4 +
+ 11A2q6 − 3q8 + 3A4q2 − 5A2q4 + 2q6 − A4 + 2A2q2 − q4) (22)
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In this paper, we further extended the method of [25] to a wider class of knots by attaching 
“fingers” to pairs of adjacent strands in closed braids and by considering “m-composites”. We 
illustrated the story by examples of the HOMFLY polynomials in the fundamental representation, 
generalization to (anti)symmetric representations is straightforward, extension to non-symmetric 
representations with additional degeneracies will be described elsewhere. Another subject to be 
considered separately is inclusion of “loops”, marked as “forbidden” in (5).
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Appendix A
We present here a family, which includes almost all the up-to-10-crossing knots. It is ex-
tremely convenient to have a whole family for testing various hypothesis, which are supposed to 
be true universally, i.e. for all knots (like those in [31]): this allows one to generate the concrete 
colored HOMFLY polynomial merely by choosing the proper integers {ni}. Because of it, this is 
often much more convenient than using the sophisticated table in [25]. In fact, there are a lot of 
such families, and this is no way distinguished among them (and is even hardly the smallest of 
this kind). The family is parameterized by seven integers {ni} and looks like
Here n1 and n6 are even, the other five parameters n2,3,4,5 and n7 are odd. We also distinguish 
between the two R-matrix orientations in the small loop below the last box with n7:
P
(n2,3,4,5)
X =
(S¯T¯ n2,3,4,5S)0,X
S0,X
K
(n1,6)
X =
(ST 2S†T¯ n1,6S)0,X
S0,X
K¯
(n7|±)
X =
(S¯T¯ ±2S¯T¯ n7S)0,X
S0,X
(23)
This picture of the knot is rather symbolic, since one has also to mark the way how the small 
loops nearby the boxes n1, n6 and n7 cross the strands. It can be read off from the formula that 
is really used for the calculation: in the case of the fundamental representation R = [1]:
d[1]H(n1,...,n7|±)[1] = d[3] · K(n1)[2] ·
( 5∏
P
(ni)
[2]
)
K
(n6)
[2] K¯
(n7|±)
[2] +i=2
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( 5∏
i=2
P
(ni)
[11]
)
K
(n6)
[11] K¯
(n7|±)
[11] +
+ d[21] · Tr2×2
{(
K
(n1)
[2] 0
0 K(n1)[11]
)(
P
(n2)
[2] 0
0 P (n2)[11]
)
·
·
⎛
⎝ 1[2]
√[3]
[2]√[3]
[2] − 1[2]
⎞
⎠( P (n3)[2] 0
0 P (n3)[11]
)⎛⎝ 1[2]
√[3]
[2]√[3]
[2] − 1[2]
⎞
⎠ ·
·
(
P
(n4)
[2] 0
0 P (n4)[11]
)⎛⎝ 1[2]
√[3]
[2]√[3]
[2] − 1[2]
⎞
⎠( P (n5)[2] 0
0 P (n5)[11]
)
·
·
⎛
⎝ 1[2]
√[3]
[2]√[3]
[2] − 1[2]
⎞
⎠(K(n6)[2] 0
0 K(n6)[11]
)⎛⎝ 1[2]
√[3]
[2]√[3]
[2] − 1[2]
⎞
⎠ ·
·
(
K¯
(n7|±)
[2] 0
0 K¯(n7|±)[11]
)⎛⎝ 1[2]
√[3]
[2]√[3]
[2] − 1[2]
⎞
⎠
⎫⎬
⎭ (24)
The possible representatives of knots are:
knot n1, n2, n3, n4, n5, n6, n7 ±
31 0,−1,1,−1,−1,0,1 +
41 0,−1,1,1,3,0,−1 +
51 −4,−1,1,1,1,−2,−1 +
52 0,−1,−1,−1,1,0,1 +
61 0,−1,3,1,1,0,−1 +
62 0,−1,−1,−1,3,2,1 +
63 0,−1,1,1,1,0,1 +
71 0,−1,1,1,−1,0,−3 −
72 0,−1,−1,−1,1,−2,1 +
73 0,1,1,1,−3,0,−3 +
74 0,1,−3,−1,−1,0,1 +
75 0,−1,−1,−1,−1,0,1 +
76 0,1,−1,1,−1,0,−1 +
77 0,−1,1,1,1,2,−1 +
81 0,1,−1,−1,3,2,1 −
82 0,−1,1,−1,−1,0,−1 +
83 0,1,1,1,5,0,−1 −
84 0,1,3,−1,1,2,−1 −
85 0,1,−1,−1,3,0,−1 −
86 0,−1,3,−1,−1,0,1 +
87 0,−1,1,1,−1,0,1 +
8 0,1,1,1,−1,0,3 +8
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89 ???
810 0,1,−1,−1,−1,0,3 +
811 0,3,1,−1,−1,0,1 −
812 0,1,1,−1,1,2,−1 +
813 0,1,−1,3,−1,2,1 +
814 0,−1,−1,−1,1,2,−1 +
815 0,1,1,−1,−1,−2,−1 −
816 −2,1,−1,1,3,0,−3 +
817 0,1,1,−1,1,0,1 +
818 ???
819 0,1,−1,−1,−1,0,−1 −
820 0,1,−1,1,−1,0,1 +
821 0,1,1,−1,1,0,−1 −
91 ???
92 2,−1,−1,−1,−1,−2,1 +
93 0,−1,1,1,−3,0,−3 −
94 0,−1,−1,−1,−5,2,1 +
95 0,1,−1,−1,−3,2,1 −
96 −2,−1,1,−1,−1,0,−1 −
97 0,−1,−1,−1,−1,−2,1 +
98 0,1,−1,−1,3,2,3 +
99 0,−1,−1,−1,−1,0,1 −
910 0,−1,1,1,−3,0,−1 −
911 0,−1,1,1,−1,0,1 −
912 0,1,−1,1,1,−2,1 −
913 0,1,−1,−1,−3,0,1 −
914 0,1,3,3,1,2,−1 −
915 0,1,−1,1,−1,−2,−1 +
916 −2,−1,−1,1,−1,−2,1 +
917 0,3,1,1,3,−2,−1 −
918 0,1,−3,−1,−1,0,1 −
919 0,1,−1,−1,3,2,−1 +
920 0,−1,1,−1,−1,−2,1 +
921 0,1,−1,3,3,2,1 +
922 0,1,−1,−1,3,0,−1 +
923 0,1,−1,−1,−1,−2,1 −
924 0,1,−1,−1,3,0,3 +
925 0,1,1,−1,−1,−2,−1 +
926 0,−1,1,−1,−1,2,1 +
927 0,−1,1,1,3,0,1 +
928 ???
929 0,1,−1,3,−1,0,−1 +
930 0,−1,3,1,1,0,1 +
931 −2,1,−1,−1,1,0,1 +
932 0,1,1,−1,1,0,1 −
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933 0,1,−3,−1,1,4,1 +
934 2,1,3,1,−1,0,1 −
935 2,−3,−1,−1,−3,2,1 +
936 0,1,−1,−1,−1,0,3 −
937 0,−1,3,1,1,2,−1 +
938 0,1,−3,−1,−1,2,−1 −
939 2,−1,−1,1,−1,0,−1 +
940 ???
941 0,1,1,−1,−3,2,1 +
942 0,1,1,−1,1,0,−1 +
943 0,−1,−1,−1,1,0,−1 +
944 0,−1,1,1,1,2,1 +
945 0,1,−1,1,−1,0,1 −
946 2,3,−1,−1,3,2,1 +
947 0,−1,3,1,−1,0,−1 +
948 0,1,−3,−1,−1,2,1 +
949 0,1,1,−1,−3,0,−1 −
101 0,1,−1,1,1,10,−1 +
102 ???
103 0,1,−1,−1,5,2,1 −
104 0,1,5,−1,1,2,−1 −
105 ???
106 0,−1,1,−1,−1,0,−3 +
107 0,1,−1,1,7,4,−1 +
108 0,−1,1,1,5,−2,−1 −
109 ???
1010 0,1,−1,1,−5,2,1 +
1011 0,1,−1,−1,5,0,1 −
1012 0,−1,−1,−1,−1,2,3 +
1013 0,1,3,−1,1,2,−1 +
1014 0,−1,−1,−1,−1,2,−1 +
1015 0,−1,1,1,−1,0,3 +
1016 0,1,−3,1,5,0,3 −
1017 ???
1018 2,−1,3,−1,−1,−2,1 +
1019 0,−1,1,1,−3,4,1 +
1020 0,1,1,1,3,6,−1 +
1021 0,−1,1,1,−3,0,−3 +
1022 ???
1023 0,−3,1,3,−1,0,−1 +
1024 0,3,−3,1,1,0,−1 −
1025 0,1,−1,−1,3,−2,−1 −
1026 ???
1027 0,1,1,−1,−5,0,1 +
1028 0,1,−3,−3,1,2,3 +
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1029 ???
1030 2,−1,−1,−1,−1,2,−1 +
1031 2,−1,1,1,−1,0,3 +
1032 −2,1,1,−1,3,0,1 +
1033 0,1,−1,5,−1,2,−1 +
1034 2,−1,−1,3,1,2,3 +
1035 0,1,−1,−1,3,2,3 −
1036 0,−1,−1,−1,3,−2,1 +
1037 0,−1,−1,1,1,2,3 +
1038 0,1,−1,−1,3,−2,1 −
1039 −2,−1,1,−1,−1,0,−1 +
1040 −2,−1,1,1,−1,0,1 +
1041 0,3,1,−1,−1,2,1 −
1042 −2,1,3,1,1,0,−1 +
1043 −2,1,−1,−1,1,2,3 +
1044 0,−1,1,1,3,−2,−1 +
1045 0,−1,1,1,3,2,−1 +
1046 ???
1047 ???
1048 ???
1049 ???
1050 0,1,−1,−3,3,0,−1 −
1051 0,1,−3,−1,−1,0,3 +
1052 2,−1,1,3,1,−2,1 +
1053 0,1,−3,−3,1,0,−1 −
1054 0,−1,−1,1,1,0,3 +
1055 2,1,−1,−1,−1,−2,−1 −
1056 0,1,−1,−1,3,−2,−1 −
1057 0,−1,−1,−1,1,−2,3 +
1058 0,1,1,1,3,2,1 −
1059 0,1,3,−1,−1,0,3−
1060 2,1,1,−1,−1,2,3 −
1061 0,1,−1,−1,5,0,−1 −
1062 0,−1,−1,−1,−1,0,3 +
1063 0,1,−3,−3,1,2,−3 −
1064 ???
1065 2,−1,−1,−1,−1,0,3 +
1066 0,−1,1,−1,−1,−2,−1 −
1067 2,1,1,1,3,0,1 +
1068 2,−3,1,3,−1,0,−1 +
1069 2,−3,−1,−3,1,0,3 +
1070 0,1,−1,−1,3,0,3 −
1071 −2,−1,1,1,1,2,1 +
1072 −2,−1,−1,−1,1,0,−1 +
1073 2,1,1,−1,−1,2,−1 −
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1074 2,3,1,1,3,0,−1 +
1075 0,3,1,1,3,0,−3 +
1076 ???
1077 −2,−1,−1,−1,1,0,3 +
1078 2,1,1,−1,−1,−2,−1 −
1079 ???
1080 ???
1081 2,−1,−1,1,3,−2,3 +
1082 ???
1083 2,−1,1,3,1,2,1 +
1084 −2,−1,−1,1,3,0,−1 +
1085 ???
1086 2,−1,3,1,1,−2,1 +
1087 0,1,1,−1,1,−2,1 +
1088 2,−1,−1,1,3,2,−1 +
1089 2,1,−1,−3,−1,0,1 +
1090 −2,1,3,−1,1,2,1 +
1091 ???
1092 0,1,3,−1,−1,−2,−1 −
1093 0,1,1,5,1,0,−3 −
1094 ???
1095 0,1,−1,−3,−1,0,3 +
1096 ???
1097 0,1,−3,−1,−1,2,−1 +
1098 2,3,−1,−1,−1,0,−1 −
1099 ???
10100 ???
10101 0,1,1,−1,−3,−2,−1 −
10102 0,1,1,−1,3,0,1 +
10103 0,−1,−3,1,3,0,−1 +
10104 ???
10105 −2,1,1,−1,1,0,−1 +
10106 0,−1,1,−1,1,0,1 +
10107 0,−1,−1,1,3,2,1 +
10108 0,1,1,3,3,0,−3 −
10109 ???
10110 0,−1,1,−1,1,2,−1 +
10111 0,1,−3,−1,3,0,−1 −
10112 ???
10113 −2,−1,3,1,−1,0,−1 +
10114 ???
10115 ???
10116 ???
10117 0,1,3,3,−1,−2,−1 −
10118 ???
10119 ???
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10120 ???
10121 ???
10122 ???
10123 ???
10124 ???
10125 ???
10126 ???
10127 ???
10128 0,1,−3,−1,−1,0,−1 −
10129 0,1,−3,5,1,0,−1 +
10130 0,1,−1,3,3,0,1 +
10131 0,1,1,−3,1,0,−1 −
10132 0,1,1,1,−1,−4,1 +
10133 0,1,1,−1,1,−2,−1 −
10134 0,1,−1,−1,−1,−2,−1 −
10135 0,1,−1,1,−1,0,3 +
10136 0,1,1,−1,−1,2,3 −
10137 0,1,1,−1,−1,2,−1 +
10138 0,1,3,−1,−1,0,−1 +
10139 0,−1,−1,−1,−1,0,−1 −
10140 2,−1,1,−1,−1,−2,3 +
10141 ???
10142 0,1,−1,−1,−3,0,−1 −
10143 0,−1,1,1,−1,−2,1 +
10144 0,1,3,−1,1,0,−1 −
10145 0,1,−3,−1,−1,−2,1 +
10146 0,1,−1,3,−1,2,−1 +
10147 0,−1,3,1,1,−2,−1 +
10148 0,−1,−1,1,−1,0,1 +
10149 0,−1,1,−1,−3,0,−1 +
10150 2,1,−1,1,3,0,1 +
10151 0,−1,−1,1,−1,2,1 +
10152 ???
10153 ???
10154 0,1,−3,−1,1,0,−3 −
10155 0,−1,1,−1,1,2,1 +
10156 0,1,1,1,−1,0,3 +
10157 0,−1,3,1,−1,−2,−1 −
10158 0,−1,3,1,3,0,−1 +
10159 −2,1,1,−1,−3,0,1 +
10160 0,−1,−1,1,−1,0,−1 +
10161 0,1,1,−1,−3,0,−3 −
10162 0,1,1,−1,3,0,−1 −
10163 ???
10164 2,−1,1,3,1,0,−1 +
10165 2,−1,−3,1,3,0,−1 −
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position. We remind that 31 = tw(1), while 41 = tw(−1), and in general (2k+1)2 = tw(k), while 
(2k + 2)1 = tw(−k).
Note that, because of additional powers of T -matrices in K and K¯ , one cannot just invert the 
signs of all ni in the lines of the above table. For the same reason, one should not be surprised 
if the sum of ni in the table is smaller than the intersection number of the knot: there are still 
six additional crossings hidden in K and K¯ . Unfortunately, this makes above identification of 
knots not fully reliable: it can happen that some entries in the table actually describe knots with 
eleven or more intersections. This is easy to check by comparison with Jones polynomials in 
representation [2], but we did not perform this check for the whole list. Thus the data in the table 
should be taken with a certain care.
Moreover, there are five pairs of knots with even less than 11 intersections: 51&10132, 
88&10129, 816&10156, 1025&1056, 1040&10103, which are not distinguished by the fundamental 
HOMFLY polynomials. To separate them we did look at Jones[2].
Starting from 11 crossings there will be pairs of mutants, which are not distinguished by any
symmetrically colored HOMFLY polynomial. Exactly at eleven intersections there are 16 such 
pairs, somewhat mysteriously no one showed up in our analysis of the family (23). Moreover, 
beginning from 16 intersections there are mutants inseparable even by H[21], see [32] and [25].
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